Abstract. We generalize reduction theorems for classical connections to operators with values in k-th order natural bundles. Using the first reduction theorem in order two we classify all (0,2)-tensor fields on the cotangent bundle of a manifold with a linear (nonsymmetric) connection.
Introduction
It is well known that natural operators of linear symmetric connections on manifolds and of tensor fields which have values in bundles of geometrical objects of order one can be factorized through the curvature tensors, the tensor fields and their covariant differentials. These results are known as the first (the operators of connections only) and the second reduction theorems. The history of the first reduction theorem comes back to the paper by Christoffel, [1] , and the history of the second reduction theorem comes back to the paper by Ricci and Levi Civita, [11] . For further references see [9, 12, 16] . In [12] the proof for algebraic operators (concomitants) is given. In [5] the first and the second reduction theorems are proved for all natural differential operators by using the modern approach of natural bundles and natural differential operators, [8, 10, 15] .
In this paper we generalize the reduction theorems for natural operators which have values in higher order natural bundles.
As an example we discuss natural (0,2)-tensor fields on the cotangent bundle of a manifold. In this paper we use the terms "natural bundle" and "natural operator" in the sense of [5, 8, 10, 15] . Namely, a natural operator is defined to be a system of local operators
∞ (F M ) and any (local) diffeomorphism f : M → N , where F, G are two natural bundles and f * F s = F f • s • f −1 . A natural operator is said to be of order r if, for all sections s, q ∈ C ∞ (F M ) and every point x ∈ M , the condition j r x s = j r x q implies A M s(x) = A M q(x). Then we have the induced natural transformation A M : J r F M → GM such that A M (s) = A M (j r s), for all s ∈ C ∞ (F M ). The correspondence between natural operators of order r and the induced natural transformations is bijective. In this paper we shall identify natural operators with the corresponding natural transformations.
Any natural bundle F of order r is given by its standard fibre S F which is a left G r mmanifold, where G r m = inv J r 0 (IR m , IR m ) 0 is the r-th order differential group. A classification of natural operators between natural bundles is equivalent to the classification of equivariant maps between standard fibers. Very important tool in classifications of equivariant maps is the orbit reduction theorem, [5, 7, 8] . Let p : G → H be a Lie group epimorphism with the kernel K, M be a left G-space, N, Q be left H-spaces and π : M → Q be a p-equivariant surjective submersion, i.e. π(gx) = p(g)π(x) for all x ∈ M, g ∈ G. Having p, we can consider every left H-space N as a left G-space by gy = p(g)y, g ∈ G, y ∈ N.
there is a bijection between the G-maps f : M → N and the H-maps ϕ : Q → N given by f = ϕ • π.
Preliminaries
Let M be an m-dimensional manifold. If (x λ ), λ = 1, . . . , m, is a local coordinate chart, then the induced coordinate charts on T M and T * M will be denoted by (x λ ,ẋ λ ) and (x λ ,ẋ λ ) and the induced local bases of sections of T M and T * M will be denoted by (∂ λ ) and (d λ ), respectively. Definition 2.1. We define a classical connection to be a connection
of the vector bundle p M : T M → M , which is linear and torsion free.
The coordinate expression of a classical connection Λ is of the type
Classical connections can be regarded as sections of a 2nd order natural bundle Cla M → M , [5] . The standard fibre of the functor Cla will be denoted by Q = IR m ⊗⊙ 2 IR m * , elements of Q will be said to be formal classical connections, the induced coordinates on Q will be said to be formal Christoffel symbols and will be denoted by (Λ µ λ ν ). The action α : G 
The curvature tensor of a classical connection is a section
where the coefficients are
σ . Let us note that the curvature tensor is a natural operator
which is of order one, i.e., we have the associated G 3 m -equivariant mapping, called the formal curvature map of classical connections,
where (w ν ρ λµ ) are the induced coordinates on the standard fibre
Let V M be a first order natural vector bundle over (i.e., V M is some tensor bundle over
The r-th order covariant differential of sections of V M with respect to classical connections is a natural operator
We shall denote by the same symbol its corresponding G r+1 m -equivariant mapping
and the same for the corresponding G 
Remark 2.4. For any section
where Alt is the antisymmetrization and pol(R[Λ], σ) is a bilinear polynomial. Namely, 
The first k-th order reduction theorem
Let us introduce the following notations.
M are natural bundles of order one and the corresponding standard fibers will be denoted by W i and W (k,r) , respectively, where
m -equivariant map associated with the i-th covariant differential of curvature tensors of classical connections
The map R i is said to be the formal curvature map of order i of classical connections. Let C i ⊂ W i be a subset given by identities of the i-th covariant differentials of the curvature tensors of classical connections, i.e., by covariant differentials of the Bianchi identities and the antisymmetrization of second order covariant differentials, see Remark 2.4 and Remark 2.5. So C i is given by the following system of equations
where j = 2, . . . , i and [..] denotes the antisymmetrization.
Let us put C (r) = C 0 × . . . × C r and denote by C (k,r)
of the canonical projection pr
Let us note that there is an affine structure on the projection pr r r−1 :
which has values, for any j
. In [5] it was proved that C (r) is a submanifold in W (r) and the restriction of R (r) to C (r) is a surjective submersion. Then we can consider the fiber product
First we shall prove the technical
is a surjective submersion.
Proof. To prove surjectivity of (π r+1 k , R (k,r) ) it is sufficient to consider the commutative diagram
All morphisms in the above diagram are surjective submersions which implies that for any element j
) is a submersion we shall consider the above diagram for k = r. From the formal covariant differentials of (2.1) it follows, that R (r,r) = R r is an affine morphism over R (r−1) (with respect to the affine structures on π 
We have the G 
Putting g the restriction of g k−2 to T k−2 m Q × C (k−2,r−1) we prove Theorem 3.2.
In the above Theorem 3.2 we have find a map g which factorizes f , but we did not prove, that (π 
where g is a unique natural operator
Remark 3.5. From the proof of Theorem 3.2 it follows that the operator g is the restriction of a natural operator defined on the natural bundle
4. The second k-th order reduction theorem (2.2) defines for r = 2 the equation
− pol(C 0 , V ) = 0 on C 0 × V 2 and for r > 2 the system of equations
is defined by solutions of (E 2 ), . . . , (E r ), r ≥ 2. For r = 0 we put Z (0) = V and for r = 1 we put Z (1) = V (1) . In [5] it was proved that Z (r) is a submanifold in C (r−2) × V 
Lemma 4.1. If r + 1 ≥ k ≥ 1, then the restricted map
Proof. The proof of Lemma 4.1 follows from the commutative diagram
where all morphisms are surjective submersions. Hence (π
) with a constant rank, i.e., (π
is then a composition of surjective submersions.
Proof. Consider the map
and denote by
3), the restricted morphism
is bijective for every j
. By Lemma 3.1R (k−2,r−2) is a surjective submersion. Thus, Lemma 3.1 and Lemma 3.3 imply thatR (k−2,r−2) satisfies the orbit conditions for the group epimorphism π 
be a manifold endowed with a linear (non-symmetric) connection Λ and a tensor field Ψ. Then any natural tensor field Φ on T M or T * M of order s with respect to Λ and of order r, s ≥ r − 1, with respect to Ψ is of the type
where u ∈ T M or u ∈ T * M , respectively.
As a concrete example let us classify all (0,2)-tensor fields on T * M given by a linear (non-symmetric) connection Λ.
Theorem 5.3. Let (M , Λ) be a manifold endowed with a linear (non-symmetric) connection Λ. Then all finite order natural (0,2)-tensor fields on T * M are of order one and they form a 14-parameter family of operators with coordinate expression
where A, B, C, C i , F i , G i , H j , i = 1, 2, 3, j = 1, 2, are real constants.
Proof. Let us denote by
The coordinates on S will be denoted by (ẋ λ , φ λµ , φ λμ , φλ µ , φλμ). Then we have the following action of the group G 
...;σ j ) which implies, by the homogeneous function theorem, [5] , that φλμ is a polynomial of orders The equation (5.2) has no solution in natural numbers, so we get by the homogeneous function theorem that φλμ is independent of all variables and so it have to be absolute invariant, hence φλμ = 0 .
For φ λμ and φλ µ we get from the equivariancy with respect to the homotheties (c δ λ µ ) that they are polynomials of orders satisfying
So also φ λμ and φλ µ are independent of all variables and they have to be absolute invariant, hence
Finally φ λµ has to be a polynomial of orders satisfying It implies that the maximal order of the operator is one and φ λµ is of the form Remark 5.4. Let us note that the canonical symplectic form ω of T * M is a special case of (5.1). Namely, for C = −B = 0 and the other coefficients vanish we get just the scalar multiple of ω = d
The invariant description of the tensor fields (5.1) is the following. We have the canonical Liouville 1-form on T * M given in coordinates by
The operator standing by A is then θ ⊗ θ. Λ gives 3-parameter family of (1,2) tensor fields on M , [5] , given by S(Λ) = C 1 I T M ⊗T + C 2T ⊗ I T M + C 3 T , (5.6) whereT is the contraction of the torsion tensor and I T M : M → T M ⊗ T * M is the identity tensor. Then the the evaluation S(Λ), u gives three operators standing by C 1 , C 2 , C 3 .
